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Abstract Most existing metrics between phylogenetic trees directly measure differ-
ences in topology and edge weights, and are unrelated to the models of evolution
used to infer trees. We describe metrics which instead are based on distances between
the probability models of discrete or continuous characters induced by trees. We de-
scribe how construction of information-based geodesics leads to the recent [3] wald
space of phylogenetic trees. As a point set, it sits between the BHV space [4] and the
edge-product space [5]. It has a natural embedding into the space of symmetric pos-
itive definite matrices, equipped with the information geometry. Thus, singularities
such as overlapping leaves are infinitely far away, proper forests, however, compris-
ing the “BHV-boundary at infinity”, are part of the wald space, adding boundary
correspondences to groves (corresponding to orthants in the BHV space). In fact, the
wald space contracts to the completely disconnected forest. Further, it is a geodesic
space, exhibiting the structure of a Whitney stratified space of type (A) where strata
carry compatible Riemannian metrics. We explore some more geometric properties,
but the full picture remains open. We conclude by identifying open problems we
deem interesting [1].
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1 Introduction

With the postulations of evolutionary hypotheses that were introduced to the scientific
community, e.g. by [6, 7, 8, 9], which had enormous impact in the second half of the
19th century, the question arose how to measure evolution not only qualitatively but
also quantitatively. For this, a fundamental building block is the concept of a distance
between taxa (species). Given such mutual distances, one can incorporate unobserved
ancestors, to arrive at a weighted phylogenetic tree, explaining descendance and the
number of accumulated mutations. Efforts to measure distances between taxa has,
among others, led to the development of morphometric methods e.g. by [10, 11].
With the discovery of the structure of DNA, among others by [12, 13], distances
between taxa could now also be based on differing genetic material. Notably, for
morphology, the issue of defining a distance seemed rather canonical: the Euclidean
distance of configurations of landmarks placed on homologous loci of every taxum,
modulo the group of similarity transformations, e.g. [14, 15, 16]. Choosing a distance
between two genetic sequences, which are words in the alphabet of the four nucleic
bases of DNA (A = adenine, C = cytosine, F = guanine and T = thymine), seemed
less straightforward. A simple approach is the distance proposed by [17]: Add one for
every site having different letters. Sites, however, are rather correlated, among others
due to the three dimensional geometry for thus encoded RNA and proteins, which
relate directly to biological function and thus to evolutionary fitness. For this reason a
plethora of biologically more realistic genetic distances have been proposed, e.g. [18].
There are more difficulties. Although there are starting and ending codons (certain
letter triplets) encoding the beginning and end of a gene, practical alignment of genes
common to all taxa of concern, with, usually, thousands of bases is often faulty, e.g.
[19]. Further, there may be many possible trees compatible with empirically found
distances, or none at all (satisfying the four-point-condition from (2)). In fact, due to
the high number of possible tree topologies (see Section 2), tree building methods,
usually traversing different neighboring tree topologies, return one, or a few, but not
necessarily all possible trees – and the returned trees may depend on the method
used.

To make it even worse, building trees on different common genes usually yields
different phylogenetic trees. Eventually this leads to issue of averaging in some
sense over different phylogenetic trees to obtain an “expected” phylogeny. [20] has
extended the concept of an expected value to a random variable 𝑋 in a metric space
(𝑄, 𝑑) simply by finding a minimizer of the squared expected distance, a barycenter,
also called a Fréchet mean in his honor:

𝜇 ∈ argmin𝑞∈𝑄E[𝑑 (𝑋, 𝑞)2] .

Indeed, if (𝑄, 𝑑) is a Euclidean space and 𝑋 square integrable, then the minimizer
is uniquely given by E[𝑋]. In general it may be nonunique (e.g. for the uniform
distribution on a sphere) or even void (e.g. for a standard normal distribution on a
Euclidean space, punctured at its origin).
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Fortunately, in Hadamard spaces (see [21]) means are unique, and there is a
stochastic algorithm proposed by [21], converging in probability (even a.s. if the
support of 𝑋 is bounded) to the Fréchet mean. This algorithm requires frequent
computation of geodesics (length minimizing curves).

There is a price to pay, however: For a sample 𝑋1, . . . , 𝑋𝑛
𝑖.𝑖.𝑑.∼ 𝑋 , their Fréchet

sample mean

𝜇̂𝑛 ∈ argmin𝑞∈𝑄
1
𝑛

𝑛∑︁
𝑗=1
E[𝑑 (𝑋 𝑗 , 𝑞)2]

may stick to the Fréchet population mean 𝜇, as discovered by [22] and illustrated in
Example 1.

Definition 1 (Sample stickiness) A sample mean 𝜇𝑛 sticks to a population mean 𝜇

if there is a random number 𝑁 such that 𝜇𝑛 = 𝜇 a.s. for all 𝑛 ≥ 𝑁 .

This potential lack of an asymptotic fluctuation is a dead end for asymptotic
statistics, a two-sample test, say. Various flavors of stickiness beyond sample stick-
iness have been explored in [23] including testing for the degree of stickiness as a
workaround in case of sample stickiness.

In this contribution we address the fundamental issue of constructing a suitable
metric space for phylogenetic trees. Most prominent to date is the BHV space (the
acronym stands for the inventors: Billera, Holmes and Vogtmann [4]), it has been
well-studied with an abundance of numerical methods available, among others to
compute Fréchet means and principal modes of variation, see e.g. [24, 25]. While
mathematically elegant, it falls short on reflecting “true” biology “near infinity”, i.e.
for taxa phylogenetically nearly independent (see Section 2). Allowing for phylo-
genetically independent taxa, which results in proper forests (disconnected trees),
the EP (edge product) space has been developed by [26, 5], see Section 3. This is a
superset of the BHV space and in order to arrive at a closed topological simplicial
complex, different taxa separated by zero distance are included. However, the EP
space is not a metric space. The wald space from [3, 1] extends the BHV space by
independent taxa, i.e. by phylogenetic forests, borrowing the topology of EP space,
but not allowing for overlapping taxa. It takes its geometry from an approximation
of the information geometry of a two-state biological Markov model. Eventually this
corresponds to a subset of the space of symmetric positive definite matrices equipped
with a Cartan-Hadamard structure yielding a nonpositive curvature geometry e.g.
[27, Chapter XII], aka Killing or affine invariant geometry.

Due to including proper forests, topologies obtained by pruning and regrafting
(removing a subtree and attaching it somewhere else, see [28]) are neighboring.
The wald space’s geometry therefore conveniently facilitates exploring a wide set
of topologies in order to find a tree most likely to yield a given set of genetic
sequences. On the other hand, it appears that due to curvature effects the Fréchet
mean is repulsed by proper forests. This is advantageous since evolutionary biologists
believe all species evolved from a single common ancestor, and so the mean should
be a tree.
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The geometric structure of the wald space, biologically appealing, comes with
new mathematical and numerical challenges. We propose some of these interesting
open problems at the end of this paper.

As usual for a set 𝐴, its cardinality is |𝐴|. For finite |𝐴|, a partition of 𝐴 is a set
{𝐴1, . . . , 𝐴𝑘}, 1 ≤ 𝑘 ≤ |𝐴| such that 𝐴1 ∪ . . . ∪ 𝐴𝑛 = 𝐴 and 𝐴𝑖 ∩ 𝐴 𝑗 = ∅ for all
1 ≤ 𝑖 < 𝑗 ≤ 𝑘 in case of 𝑘 > 1.

2 The BHV Space

Let 𝑁 ∈ N denote the number of taxa plus one root, such that a rooted phylogenetic
tree can be modeled as a set of compatible splits of the leaf set L = {1, . . . , 𝑁}.

Usually, in the literature dealing with BHV spaces, 𝑁 denotes the number of taxa,
not including the root, so that 𝑁 from that literature corresponds to our 𝑁 − 1 here.

Here, a split 𝑠 = {𝐴, 𝐵} is a partition of L (i.e. 𝐴 ∪ 𝐵 = 𝑁, 𝐴 ∩ 𝐵 = ∅). Since
every edge in a tree “splits” the leaf set, every edge corresponds to a split. Vice versa,
if no vertices in the tree have degree 2, every split also corresponds to an edge. Two
splits 𝑠𝑖 = {𝐴𝑖 , 𝐵𝑖}, 𝑖 = 1, 2, are compatible if one of the following sets is empty

𝐴1 ∩ 𝐴2, 𝐴1 ∩ 𝐵2, 𝐵1 ∩ 𝐴2, 𝐵1 ∩ 𝐴2 .

It its easy to verify that a set of splits corresponds to the edges of a tree if and only
if the splits are pairwise compatible.

A split {𝐴, 𝐵} is a pendant split if |𝐴| = 1 or |𝐵 | = 1, else it is an interior split. The
BHV tree spaces is the set of all rooted phylogenetic trees where each tree contains
at least all pendant splits, and it contains zero or a positive number of interior splits.

In effect, a BHV tree models equivalence classes of graph-theoretical trees modulo
relabeling of interior vertices (see Definition 2), where all interior vertices have a
degree of at least three and the leaves are exactly the vertices with degree one. Then
interior splits correspond uniquely to interior edges and pendant splits to pendant
edges.

Notably, there are 𝑁 pendant edges and 𝑀 = 2𝑁−1−𝑁−1 possible interior edges.
Let us number them 𝑠 𝑗 , 1 ≤ 𝑗 ≤ 𝑀 . Of these at most 𝑁 −3 can be present in a single
BHV tree.

Every edge (split) 𝑠 carries a length ℓ(𝑠) > 0 modeling evolutionary distance, so
that trees including their splits’ lengths are elements in

R𝑁
+ × BHV𝑁 ↩→ R𝑁 × R𝑀

with

BHV𝑁 :=
⊔

𝐽 = {𝑖1, . . . , 𝑖𝑘 } ⊂ {1, . . . , 𝑀 }
giving compatible splits,

1 ≤ 𝑘 ≤ 𝑁 − 3

R𝐽
+ ↩→ R𝑀 , (1)
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modeling the interior edges, if present, or by a single point, if not present. Here “⊔”
stands for the disjoint union and R∅+ is identified with {0} ⊂ R𝑀 . Then 𝐵𝐻𝑉3 = {0}
and, usually, BHV spaces with at least 3 leaves and one root (𝑁 ≥ 4) are considered.

The natural embedding in the Euclidean space equips BHV𝑁 with the canonical
trace metric, turning this disjoint union BHV𝑁 into a CAT(0) space (see [4]). As the
combinatorial structure is modeled by BHV𝑁 , usually, the cartesian product with the
space R𝑁

+ modeling the pendant edges is ignored. Each R𝐽
+ above is called an orthant

and, by induction, the number of top-dimensional (of dimension 𝑁 − 3) orthants in
BHV𝑁 is

1 · 3 · · · · (2𝑁 − 5) =
√

2
(

2𝑁
𝑒

)𝑁−2
(1 + 𝑜(1)) as 𝑁 → ∞

Thus, while the geometry is rather simple, the challenge lies in the combinatorics.
In spite of the number of orthants growing exponentially, [33] have proposed an
algorithm that determines a geodesic between arbitrary trees in BHV𝑁 withinO(𝑁4),

Another issue manifesting in BHV space is that of stickiness, which is already
present in 𝐵𝐻𝑉4.
Example 1 As there are three possible interior edges, BHV4 is the tripod obtained
from three positive coordinate axes joined at the origin. Then a straightforward
computation yields that the Fréchet sample mean 𝜇𝑛, sampling 𝑛 points uniformly
from the three points (1, 0, 0), (0, 1, 0), (0, 0, 1), lies at the origin 𝜇 (the Fréchet
population mean) unless one of the points appears more often than 2𝑛/3 in the
sample. By the strong law of large numbers, the frequency of every point in a sample
converges to 1/3 almost surely, so that there is a.s. a random integer 𝑁 such that for
all 𝑛 > 𝑁 the sample means 𝜇𝑛 coincides with (sticks to) the population tree.

In general, for suitable distributions, sample means may stick to any lower di-
mensional orthant (e.g. [34]), with the effect of stickiness strongest at the completely
unresolved tree, the star tree having no interior edges, modeled by {0}. Due to vary-
ing topologies, many realistic data sets have their Fréchet means at the star tree,
featuring stickiness (e.g. [29]).

More problematic for BHV spaces, rather than the issue of stickiness, seems
biological modeling. Two trees with all edges very long, regardless of their topologies
encode phylogenies that are close to one with independent taxa. If their topologies are
not neighboring, as edge lengths increase, their BHV distance tends to infinity, while
they are getting biologically more similar to the topology of a totally disconnected
forest. Such forests and hence the “BHV boundary at infinity” will be modeled by
the edge product space below.

3 The Edge Product Space

Evolution of genetic sequences can be viewed as a stochastic process switching be-
tween states as laid out in [35, 36, 18]: In full biological complexity, states correspond
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to words in the four letter alphabet of nucleotide bases. In a simple mathematical
model, there are only two states, and the stochastic process is indexed along a true
but unknown phylogenetic tree. Further, most simply, this process is assumed to be
a stationary, time-reversible Markov process. Of the underlying probability distribu-
tion, only the marginal, namely correlation of leaves 𝑥, 𝑦 ∈ L is observed, which is
linked to their evolutionary distances

𝑑 (𝑥, 𝑦) =
∑︁

𝑒∈ path from 𝑥 to 𝑦

ℓ(𝑒)

by
𝜌(𝑥, 𝑦) := 𝑒−𝑑 (𝑥,𝑦) .

At this point recall that a symmetric matrix 𝐷 = (𝑑 (𝑥, 𝑦))𝑥,𝑦∈L with nonnegative
entries, vanishing along the diagonal, encodes the leaf-distances within a tree if and
only if the four point condition (2) below is satisfied.

For all 𝑥, 𝑦, 𝑢, 𝑣 ∈ L,
below, two are equal and larger than the third
𝑑 (𝑥, 𝑦) + 𝑑 (𝑢, 𝑣), 𝑑 (𝑥, 𝑢) + 𝑑 (𝑦, 𝑣), 𝑑 (𝑥, 𝑣) + 𝑑 (𝑦, 𝑢) .

(2)

y

x u

v

Notably, this condition implies the triangle inequality. In correlation notation it
reads as 

for all 𝑥, 𝑦, 𝑢, 𝑣 ∈ L,
below, two are equal and smaller than the third
𝜌(𝑥, 𝑦)𝜌(𝑢, 𝑣), 𝜌(𝑥, 𝑢)𝜌(𝑦, 𝑣), 𝜌(𝑥, 𝑣)𝜌(𝑦, 𝑢) .

(3)

Thus, [5] showed that the edge product space

EP𝑁 := {𝜌 = (𝜌(𝑥, 𝑦))𝑥,𝑦∈L ∈ [0, 1]𝑁×𝑁 : 𝜌 is symmetric,
it satisfies (3) and 𝜌(𝑥, 𝑥) = 1 for all 𝑥 ∈ L} ,

uniquely models phylogenetic forests with edge lengths, modulo relabeling of internal
vertices. Thus R𝑁

+ × BHV𝑁 can be naturally viewed as a subset of EP𝑁 . It extends
BHV𝑁 by the following two aspects. For two leaves 𝑥, 𝑦 ∈ L, 𝑥 ≠ 𝑦,

(A1) 𝜌(𝑥, 𝑦) = 1 is possible in EP𝑁 meaning that 𝑑 (𝑥, 𝑦) = 0, i.e. 𝑥 and 𝑦 “overlap”
(A2) 𝜌(𝑥, 𝑦) = 0 is possible in EP𝑁 meaning that 𝑑 (𝑥, 𝑦) = ∞, i.e. 𝑥 and 𝑦 are in

different subtrees
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In particular the completely disconnected forest with 𝜌(𝑥, 𝑦) = 𝛿𝑥,𝑦 , 𝑥, 𝑦 ∈ L is an
element of EP𝑁 . Topologically EP𝑁 can thus be viewed as a compactification of
BHV𝑁 . This compactification is not compatible with the BHV𝑁 geometry, however.

Theorem 1 ([5]) EP𝑁 , equipped with the natural trace topology inherited from
Euclidean R𝑁×𝑁 , is a finite CW complex, that is contractible.

In the following, we bring the edge product space even closer to biology by
excluding taxa that are different but yet identical (aspect (A1)) and equipping the
corresponding subset with a biologically motivated geometry that will be fundamen-
tally different from the BHV𝑁 geometry.

4 The wald Space

Definition 2 We call a triple 𝐹 = (𝑉, 𝐸, ℓ) a phylogenetic forest over the leaf set L
if

(F1) 𝑉 is a finite set called vertices with L ⊂ 𝑉 ,
(F2) 𝐸 ⊂ {{(𝑢, 𝑣)}, 𝑢, 𝑣 ∈ 𝑉}, called the edge set, turns (𝑉, 𝐸) into a graph-theoretical

forest (disjoint union of trees),
(F3) ℓ ∈ (0,∞)𝐸 , which encodes edge lengths,
(F4) deg(𝑢) ∈ {1, 2} for 𝑢 ∈ 𝑉 if and only if 𝑢 ∈ L, where the degree deg(𝑢) of a

vertex 𝑢 ∈ 𝑉 is the cardinality of
{
{𝑢, 𝑣} ∈ 𝐸 : 𝑣 ∈ 𝑉}, of incident edges.

Further, we say that two phylogenetic forests 𝐹 = (𝑉, 𝐸, ℓ) and 𝐹′ = (𝑉 ′, 𝐸 ′, ℓ′)
over a common leaf set L are equivalent modulo relabeling of internal vertices and
write 𝐹 ∼ 𝐹′ if there is a bijection 𝑓 : 𝑉 → 𝑉 ′ satisfying

(E1) 𝑓 (𝑥) = 𝑥 for all 𝑥 ∈ L,
(E2) (𝑢, 𝑣) ∈ 𝐸 ⇔ ( 𝑓 (𝑢), 𝑓 (𝑣)) ∈ 𝐸 ′,
(E3) ℓ(𝑢, 𝑣) = ℓ′ ( 𝑓 (𝑢), 𝑓 (𝑣)) for all {𝑢, 𝑣} ∈ 𝐸 .

Throughout the rest of this paper,

SPD(𝑁) = {𝐴 ∈ R𝑁×𝑁 : 𝐴 = 𝐴𝑇 > 0}

denotes the set of symmetric positive definite matrices.

Theorem 2 ([3]) Every phylogenetic forest 𝐹 = (𝑉, 𝐸, ℓ) over a leaf set L =

{1, . . . , 𝑁} has a representative 𝜌 ∈ SPD(𝑁) satisfying:

(i) 0 ≤ 𝜌(𝑥, 𝑦) ≤ 1 = 𝜌(𝑥, 𝑥) for all 𝑥, 𝑦 ∈ 𝐿, and
(ii)the 4-pt condition (3).

Vice versa, every 𝜌 ∈ SPD(𝑁) satisfying (i) and (ii) is a representative of some
graph-theoretical forest 𝐹, and if 𝐹′ is another representative, then 𝐹 ∼ 𝐹′.
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Definition 3 ([3]) Every such equivalence class of phylogenetic forests over the leaf
set L = {1, . . . , 𝑁} modulo relabeling of internal vertices is called a wald and the
space of all such equivalence classes is the wald space, denoted by W𝑁 .

Recall that for a BHV tree, every edge 𝑒 carried a length ℓ(𝑒) ∈ (0,∞). In order
to metrically compactify at “infinity” we introduce edge weights in 𝜆-notation:

ℓ(𝑒) ↦→ 𝜆(𝑒) := 1 − exp(−ℓ(𝑒)) ∈ (0, 1) such that 0 ↦→ 0,∞ ↦→ 1 .

Modeling forests instead of trees requires additional notation. Letting

P𝑁 := {{L1, . . . ,L𝑙} is a partition of L : 1 ≤ 𝑙 ≤ 𝑁} and
EL 𝑗 := {{(𝐴𝑖 , 𝐵𝑖} : 1 ≤ 𝑖 ≤ 𝑘} are compatible splits of L 𝑗 }

we identify

W𝑁 := {𝑊∞} ⊔
⊔

𝐸 = 𝐸1 ∪ . . . ∪ 𝐸𝑙

𝐸 𝑗 ∈ EL 𝑗 , 1 ≤ 𝑗 ≤ 𝑙

{L1, . . . , L𝑙 } ∈ P𝑁

1 ≤ 𝑙 ≤ 𝑁 − 1

(0, 1)𝐸 , (4)

where 𝑊∞ denotes the completely disconnected forest with partition {{ 𝑗} : 𝑗 =

1, . . . , 𝑁} and empty edge (split) sets E { 𝑗 } , 1 ≤ 𝑗 ≤ 𝑁 . Every open cube (0, 1)𝐸 is
called a grove and in case of 𝑙 = 1, a grove corresponds to the product of a BHV
orthant times the pendant edges’ orthant: R𝑁

+ × R𝐽
+ with suitable 𝐽, see (1).

Definition 4 With (4) we denote the elements of W𝑁 by (𝐸, 𝜆) with suitable 𝐸 =

𝐸1 ∪ . . . ∪ 𝐸 𝑗 and 𝜆 ∈ (0, 1)𝐸 . Further, let 𝜙 : W𝑁 → SPD(𝑁) be the injective
mapping guaranteed by Theorem 2, where we consider SPD(𝑁) ↩→ R𝑁×𝑁 .

Theorem 3 ([1]) With the above notation, the following hold:
(i) 𝜙(W𝑁 ) is star shaped in R𝑁×𝑁 with respect to the unit matrix, which is 𝜙(𝑊∞).

(ii) The pullback topology of W𝑁 (pulling back the Euclidean topology of R𝑁×𝑁

under 𝜙) agrees with the topology induced from the pullback metric under 𝜙

generated by the infimum of lengths of curves

𝜙(W) ⊃ 𝛾 continuous in R𝑁×𝑁connecting 𝑝, 𝑞 ∈ 𝜙(W) .

From now on, we assume that W𝑁 is equipped with the pullback topology
under 𝜙. In the next step we derive a stratified structure of W comprising analytic
manifold strata. Since the mapping 𝜙 restricted to a single grove has, by construction,
the simple form

𝜙𝐸 : (0, 1)𝐸 → SPD(𝑁)

(𝜆𝑒)𝑒∈𝐸 ↦→ ©­«
∏

𝑒∈ path from 𝑥 to 𝑦

(1 − 𝜆𝑒)ª®¬
𝑁

𝑥,𝑦=1
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(empty products are set to 1), it is real analytic (it can be even analytically extended
to all of R𝐸). Hence the canonical analytic manifold structure of SPD(𝑁) ↩→ R𝑁×𝑁

can be pulled back under 𝜙 to every orthant making it an analytic manifold. As
detailed in the following theorem, thus the entire wald space is a Whitney stratified
space of type (A).

Theorem 4 ([1]) The image of W𝑁 under 𝜙 in R𝑁×𝑁 carries a natural structure of
a Whitney stratified space of type (A): it comprises disjoint analytic manifold strata
𝑀 𝑗 of every dimension 0 ≤ 𝑗 ≤ 2𝑁 − 3 such that for all 0 ≤ 𝑖 < 𝑗 ≤ 2𝑁 − 3,

(i) if 𝑀𝑖 ∩ 𝑀 𝑗 ≠ ∅ then 𝑀𝑖 ⊂ 𝑀 𝑗 ,
(ii) if 𝑀 𝑗 ∋ 𝑞1, 𝑞2, . . . → 𝑝 ∈ 𝑀𝑖 and 𝑇𝑞1 , 𝑇𝑞2 , . . . → 𝑇 in the Grassmannian

𝐺 (R𝑁×𝑁 , 𝑗), then 𝑇𝑝𝑀𝑖 ⊂ 𝑇 .

In particular, 𝑀0 = {𝜙(𝑊∞)}.

In the final step we equip the wald space with a biologically motivated metric.
To this end recall the Markov process from Section 3 associated with a phylogenetic
tree𝑇 , and denote it by 𝑋𝑇

𝑡 . It assumes values in a state space Ω, which in our context
of the two-state model is just {0, 1}. This process is indexed in loci 𝑡 ∈ 𝑇 where 𝑇 is
viewed as the point set of the phylogenetic tree and it is determined by the Bernoulli
probabilities and variances

P{𝑋𝑇
𝑡1
= 𝑋𝑇

𝑡2
} = 1

2

(
1 + exp(−𝑑 (𝑡1, 𝑡2))

)
Var[𝑋𝑡1 |𝑋𝑡2 ] = 1

4

(
1 − exp(−2𝑑 (𝑡1, 𝑡2))

)  , 𝑡1, 𝑡2 ∈ 𝑇 , (5)

where 𝑑 denotes the distance on 𝑇 . Then we have the marginal P{𝑋𝑡 = 1} = 1
2 for

all 𝑡 ∈ 𝑇 . In particular there is a one-to-one relationship between such processes 𝑋𝑇

and all probability distributions 𝑝𝑇 on Ω𝑁 , i.e. on the leaf set [30, 31].
A natural distance for such probability distributions is an 𝑓 -divergence, for in-

stance, a Kullback-Leibler divergence, a Jenson-Shannon divergence or a Hellinger
distance. It turns out that the corresponding information metrics (parameters are
edge lengths) are equivalent for all 𝑓 -divergences if 𝑓 is convex and 𝑓 (1) = 0 [3].
Computations within this geometry, e.g. of distances (which build on computations
of geodesics), involve summation over Ω𝑁 , which become computationally costly
for high 𝑁 . For this reason we approximate instead these probability distributions by
a continuous Gaussian process 𝑍𝑡 , 𝑡 ∈ 𝑇 that has equal first and second moments,(

𝑍𝑡2 |𝑍𝑡1 = 𝑧
)
∼ N(𝑧𝑒−𝑑 (𝑡1 ,𝑡2 ) , 1 − 𝑒−2𝑑 (𝑡1 ,𝑡2 ) ) ,

yielding Var[𝑍𝑥] = 1, and cov[𝑍𝑥 .𝑍𝑦] = exp(−𝑑 (𝑥, 𝑦)) for all 𝑥, 𝑦 ∈ L. Similarly
employing their information geometry for the space of covariances, i.e. the positive
definite matrices, determining full rank Gaussians with zero mean, yields the well
known universal nonpositive curvature geometry, aka Killing or affine invariant
Riemannian, or Fisher information metric for SPD(𝑁) (e.g. [27, 37]). This metric
allows for straightforward computation of geodesics, given by
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𝛾(𝑡) = √
𝑝 Exp(𝑡Log(√𝑝

−1
𝑞
√
𝑝
−1))√𝑝 (6)

from 𝑝 = 𝛾(0) to 𝑞 = 𝛾(1), involving the matrix exponential and logarithm, as
well as the unique symmetric positive definite matrix roots. This geometry can be
restricted to 𝜙(W) and thus pulled back to W.

For the following recall (e.g. from [38]) that with the notation of Theorem 4, a
Whitney stratified space of type (A) is a Riemann stratified space, if every stratum 𝑀 𝑗

carries a Riemannian geometry with Riemannian tensor 𝑔 ( 𝑗 )
𝑝 : 𝑇𝑝𝑀 𝑗 × 𝑇𝑝𝑀 𝑗 → R,

𝑝 ∈ 𝑀 𝑗 , 𝑗 = 1, . . . , 2𝑁 − 3, such that, whenever 𝑀 𝑗 ∋ 𝑞1, 𝑞2, . . . → 𝑝 ∈ 𝑀𝑖 ,
1 ≤ 𝑖 < 𝑗 ≤ 2𝑁 − 3, and 𝑇𝑞1 , 𝑇𝑞2 , . . . → 𝑇 in the Grassmannian 𝐺 (R𝑁×𝑁 , 𝑗),
then 𝑔

( 𝑗 )
𝑞𝑘 converges, as 𝑘 → ∞, to some 𝑔∗𝑝 : 𝑇 × 𝑇 → R, which, restricted to

𝑇𝑝𝑀𝑖 × 𝑇𝑝𝑀𝑖 agrees with 𝑔
(𝑖)
𝑝 .

Theorem 5 ([1]) The wald space W𝑁 equipped with the pullback of the information
geometry on SPD(𝑁) is a Riemann stratified space, that is geodesic (i.e. any two
curves can be joined by a geodesic, i.e. a length minimizing curve).

Remark 1 The EP𝑁 trees/forests with overlapping leaves excluded in W𝑁 would
map under the natural extension of 𝜙 to the degenerate symmetric positive semi-
definite matrices on the “boundary” of SPD(𝑁), which, in the information geometry,
is infinitely far away.

Remark 2 Geodesics in wald space are pre-images under 𝜙 of shortest curves in the
geometry of SPD(𝑁) that satisfy the four point condition (3) throughout. Numerical
experiments suggest that SPD(𝑁) geodesics given by (6) between two different
matrices satisfying the four point conditions, only satisfy them at the boundary
points. In fact, effectively numerically computing wald space geodesics is an active
field of current research, cf. [2], [1].

5 Open questions

The investigation of the wald space has only recently begun, many questions have
not been answered yet. Here we state some of them, some with conjectured answers.

1. Are grove closures geodesically convex? We conjecture: Yes.
Notably, orthants in BHV space are already geodesically convex, i.e. BHV
geodesics between two trees with common tree topology are given by linear
interpolation of edge lengths and thus stay within the respective topology. Nu-
merical experiments for wald geodesics between two trees within a common
grove, however, may traverse the boundary of degenerate topologies, see Figure
1.

2. Is there an analog of the algorithm of [33], which computes the groves to traverse
for geodesics between pairs of trees (with different) topologies?
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Fig. 1 Geodesics in W3 (green) and R3
+ × BHV3 (red). The initial tree (black) differs from the

final tree (leaves 2 and 3 unchanged in black, leaf 1 (blue)). Along the geodesics in W3 (bottom)
the products 𝜆1 · 𝜆2 of the pendant weights is only almost constant; depicting it as constant (top)
results in seemingly nonsymmetric geodesics (green, top). The curves traversed by the third pendant
weight 𝜆3 is depicted in the top row. Notably, the first wald space geodesic (left column) sojourns
(dark green) on the boundary stratum determined by 𝜆2 = 0. For initial trees further away from the
boundary at zero, their joining wald space geodesics remains in the top-dimensional grove (middle
and right column). Even for initial trees near the boundary at ∞, numerical experiments show that
wald space geodesics are pushed away from the totally disconnected forest, suggesting that it is
repulsive as opposed to the attractive boundary at zero.

The BHV geodesic between two trees with split sets 𝐸1 and 𝐸2 only traverses
orthants involving splits from 𝐸1 ∪ 𝐸2, as [33] showed. In the light of Question
(1), a similar result may be expected.

3. “Regularity” of forests: Can proper forests be on geodesics between trees? Con-
jecture: No.
First numerical computations showed that the vantage point 𝑊∞ is repulsive, see
Figures 1 and 2.

4. Antipodes: Are there cut loci (pairs of wälder admitting different shortest
geodesics)? Conjecture: Yes but exotic.
Recall that W𝑁 is viewed as a subspace of SPD(𝑁) with the information metric,
yielding a space of global nonpositive curvature (e.g. [27]), featuring no cut
loci [21]. Numerical experiments, however, show that W𝑁 also features positive
curvatures (geodesic triangles featuring sums of Alexandrov angles greater than
𝜋), see Figure 2. Such spaces tend to exhibit antipodes, as, for instance, spheres.
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Natural candidates for such antipodal points would be trees or forests exhibiting
some symmetries.

Fig. 2 Top: geodesic triangles in W3 getting “fatter” as they move closer to the vantage point
𝑊∞, the totally disconnected forest (corresponding to the fat gray edges and their intersection point
(1, 1, 1)), the sum of their Alexandrov angles are 159.260, 193.320, 427.900 from left to right.
Bottom: the corresponding trees in with leaf labeling as in Figure 1.

5. Which conditions provide uniqueness of geodesics and Fréchet means?
If the answer to Question (4) is positive, most likely concentration conditions for
the underlying probability distributions. For instance restricting the support to
open “geodesic half balls” as in [39], ensures uniqueness on manifolds. Also [40]
guarantee uniqueness for sample means of distributions featuring densities with
respect to Riemannian measures on manifolds.

6. Limit theorems for the Fréchet mean:

(6.a) We expect stickiness (collapsing parametric asymptotics) and
(6.a) smeariness (exploding parametric asymptotics),
(6.a) but anticipate the validity of the bootstrap in such scenarios.

Samples 𝑋1, . . . , 𝑋𝑛 of a random variable 𝑋 in a Euclidean space with finite
second moment satisfy the classical central limit theorem

√
𝑛
©­«1
𝑛

𝑛∑︁
𝑗=1

𝑋𝑖 − E[𝑋]ª®¬ D→ N(0, cov[𝑋]) ,
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as 𝑛 → ∞. For circles and spheres, it has been shown that Fréchet sample
means may exhibit slower convergence rates than the parametric rate of 𝑛−1/2

[41, 42, 43] and this phenomenon has been called smeariness. As mentioned in
the introduction, probability distributions in BHV space may feature stickiness,
resulting in faster asymptotic rates. We expect that both types of asymptotics
occur on the wald space. As smeariness is related to nonuniqueness of Fréchet
means [32] this links to Question (5).
In case of smeariness or stickiness, quantile based statistics can no longer be
used. For the circle it has been shown by [44] that the bootstrap still provides
consistency.

7. Is W𝑁 also a Whitney stratified space of type (B)? Conjecture: Yes at BHV
boundaries, not at forest boundaries.
In addition to a suitable convergence of tangent spaces, Whitney stratified spaces
of type (B) also feature a suitable convergence of tangent vectors: In the context
of the notation from Theorem 4 (recall that all strata are embedded in a Euclidean
space) one requires additionally that whenever 𝑀 𝑗 ∋ 𝑞1, 𝑞2, . . . → 𝑝 ∈ 𝑀𝑖 and
𝑀𝑖 ∋ 𝑝1, 𝑝2, . . . → 𝑝, 1 ≤ 𝑖 < 𝑗 ≤ 2𝑁 − 3, and the secant lines 𝑐𝑘 between 𝑝𝑘
and 𝑞𝑘 (𝑘 = 1, 2, . . .) converge to a line 𝑐, then 𝑐 is contained in 𝑇 .
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2024. arXiv:2402.12290.

44. S. Hundrieser, B. Eltzner, S. F. Huckemann, ”Finite Sample Smeariness of Fréchet Means and
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